Abstract. In this paper, we will use the interior functions of an hierarchical basis for high order BDM p elements to enforce the divergence-free condition of a magnetic field 
Introduction
Numerical modeling of magneto-hydrodynamic fluids has shown that the observance of the zero divergence of the magnetic field plays an important role in reproducing the correct physics in plasmas [3] . Various numerical techniques have been devised to ensure the computed magnetic field to be divergence-free [6] . In the early work of [3] a projection approach was used to correct the magnetic field to have a zero divergence. A more natural way to satisfy this constraint is through a class of the so-called constrained transport (CT) numerical methods based on the ideas in [5] . In most CT algorithms for the MHD, the surface averaged magnetic flux over the surface of a 3-D element is used to represent the magnetic field so normal continuity of the magnetic field can be assured while the volume averaged conserved quantities are used for mass, momentum, and energy variables.
In this paper, we will propose a high order transport finite element method using a recently developed high order hierarchical basis for the BDM p element [4] for the magnetic induction equation in the MHD problems. The divergence condition on the B field is enforced through corrections with interior functions in the basis set such that the global divergence-free condition will be satisfied.
The paper is organized as follows. In section 2, we will present the hierarchical H(div) basis functions in various modes (edge, face, and interior). In section 3, we will first characterize the divergence of the interior basis functions for the hierarchical H(div) basis, then, we will introduce a two-step procedure to remove non-zero divergence in the finite element solution. Numerical test of the proposed procedure will be carried out for a 3-D magnetic induction equation in Section 4. Finally, a conclusion is given in Section 5.
Basis functions for the tetrahedral element
In this section we present hierarchical shape functions proposed in [2] for the H(div)-conforming tetrahedral BDM p element on the canonical reference 3-simplex . The shape functions are grouped into several categories based upon their geometrical entities on the reference 3-simplex [1] . The basis functions in each category are constructed so that they The barycentric coordinates are given as
The directed tangent on a generic edge e j = [ j 1 , j 2 ] is defined as
The edge is parameterized as
A generic edge can be uniquely identified with
where sign(0) = 0. Each face on the 3-simplex can be identified by the associated three vertexes, and is uniquely defined as
The standard bases in n are noted as e i , i = 1, · · · , n, and n = {2, 3}.
Face functions
The face functions are further grouped into two categories: edge-based face functions and face bubble functions.
Edge-based face functions:
These functions are associated with the three edges of a certain face f j 1 , and by construction all have non-zero normal components only on the associated face f j 1 , i.e.,
where n f j k is the unit outward normal vector to face f j k .
Using the idea of recursion from [1] , independent edge-based face functions are proposed in [2] as follows.
For p = 1, for each edge we have one face function for this edge
and for p = 2, one additional new basis function can be constructed as
which can be shown to satisfy the condition (2.6), and and for p ≥ 3, the basis functions are given by
(2.9)
It can be shown numerically that there are exactly p functions that are independent and whose normal component is non-zero only on the associated edge e k .
Face bubble functions:
The face bubble functions which belong to each specific group are associated with a particular face f j 1 . They vanish on all edges of the reference 3-simplex K 3 , and the normal components of which vanish on other three faces, i.e.,
The explicit formula is given as
By construction the face bubble functions share an orthonormal property on the reference 3-simplex K 3 :
Interior functions
Interior functions will have zero components on all four faces while some of them may still have non-zero tangential components (Edge-based and face-based interior functions defined below).
The interior functions are classified into three categories: edge-based, face-based and bubble interior functions. By construction the normal component of each interior function vanishes on all faces of the reference 3-simplex K 3 , i.e.,
Edge-based interior functions:
The tangential component of each edge-based function does not vanish on the associated only edge e k := [k 1 , k 2 ] but vanishes all other five edges, i.e.,
where τ e j is the directed tangent along the edge e j := [ j 1 , j 2 ]. The shape functions are given as
16)
Again one can prove the orthonormal property of edge-based interior functions:
Face-based interior functions:
These functions which are associated with a particular face f j 1 have non-zero tangential components on their associated face only, and have no contribution to the tangential components on all other three faces, i.e.,
Further each face-based interior function vanishes on all the edges of the 3-simplex K 3 ,
i.e.,
The formulas of these functions are given as
where 0 ≤ {m, n}, m + n ≤ p − 3. The face-based interior functions enjoy the orthonormal property on the reference 3-simplex K 3 :
Interior bubble functions:
The interior bubble functions vanish on the entire boundary ∂ K 3 of the reference 3-simplex K 3 . The formulas of these functions are given as
Again, one can show the orthonormal property of the interior bubble functions
In Table 1 we summarize the decomposition of the space
conforming tetrahedral BDM p element.
Decomposition Dimension
Edge-based face functions 12p
Face bubble functions
Edge-based interior functions
Face-based interior functions
Interior bubble functions 
Enforcing Divergence-free condition for B-field
The magnetic field B in the MHD equations is assumed to be divergence free, however, the time evolution from a fully discretized finite element method for the magnetic equation
will render the divergence of B to be non-zero at later time. There are many ways to remove the non-zero divergence in the magnetic field such as the projection method through Helmholtz decomposition. In this paper, we will use the interior functions in the H(div) basis set to correct the non-zero divergence element by element. Due to the vanishing property of the normal components of the interior basis functions, such a local correction will still keep the corrected finite element solution in H(div) globally. The ability of using only the interior functions to reduce the non-divergence error in the magnetic field is based on the following result.
First let us denote the subspace spanned all the interior functions defined in (2.16), (2.20), and (2.22) as
Proof. We will prove the result by subspace inclusion argument. First, we will show div Σ int ⊂ {1} ⊥ . Take any function Φ ∈ Σ int , we have On the other hand, we will show {1}
which gives with an integration by parts
where the vector field ∇v ∈ P p−2 (K) 3 .
Now take the tangential vectors of the three edges sharing the common vertex v 0 ,τ [0, 1] , 3] , we can see easily that the following vector functions are also interior functions (with zero normal components on all faces), We can express the vector field ∇v using the basis vector s j as follows
which will be substituted into (3.4), resulting in ] in the above identity and using the bi-orthogonality property of (3.6), we have Algorithm: we propose a two-step algorithm to remove the non-divergence in the numerical solution for the magnetic field B.
• Step 1 (local correction) Element-wise removal of high order terms in div B.
Due to Lemma 3.1, we can use the interior function in Σ int to remove higher order terms in div B. The remaining component in div B will be a constant on each element.
We proceed to finding a vector function
such that
where v ∈ P p−1 (K) \ P 0 . Here (3.13) is a local mixed finite element approximation to the following Poisson equation,
• Step 2 (global correction) remove the constant term in div B 1 in the whole domain.
Due to the result of lemma 1, we will have a residual constant term left in the corrected magnetic field B 1 , which can only be removed by a global correction with the first order H(div) basis defined in Section 2. We proceed as follows by finding a second function Φ ∈ H(d iv, Ω) using the first order H(d iv) basis functions defined in (2.7),
resulting into the following linear system for Φ, in a similar argument for equations 
Numerical results
We will solve a magnetic induction field equation on the unit cube Ω = [0, 1] 3 ,
with a periodic B · n boundary condition is considered
In (4.1),
Also for (4.1), the initial condition B(0, x) is given by the exact solution
We note that due to the initial condition div B(0, x) = 0, (4.1) ensures div B(t, x) = 0, for all t > 0. Table 4 .1, along with the order of convergence, which is 3 as expected for the P 3 mixed finite element. We can see that the numerical solutions are not divergence-free any more as the divergence-free condition for B h (t, x) is not enforced at the time discretization level. Following the correction method proposed in Section 3, we correct the solution B h (1/2, x) by direct solution of both (3.13) and (3.17).
The error and the convergence order are listed also in Table 4 .1 at the bottom. We can see that the divergence of corrected solution is almost zero, up to the computer accuracy.
Moreover, the correction does not change the order of convergence of the finite element solution, though the L2 norm of the error for the corrected solution is slightly larger.
To see the effect of the two correction steps on the solution, we plot in 
Conclusion
In this paper, we have proposed an efficient correction procedure to ensure the divergence free condition of the magnetic field. The correction is done in two steps: the first step can be done locally on each element which removes the high order terms in the divergence error of the B-field; the second step is a global one which removes the remaining constant term in the divergence error on each element. Numerical results have shown the effectiveness of the proposed method in enforcing divergence-free condition for a magnetic induction equation while maintaining the accuracy of the solution itself.
